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Abstract

The quaternion is an expansion of complex number to three dimensions of imaginary numbers. It is a useful tool in
calculating rotation of vectors around a given axis in the three dimensional space. The imaginary numbers in quaternion can be
replaced with real vectors in the space to give a Vector-Scalar Ring (VSR) which is algebraically equivalent to the whole of
quaternions that form a ring. The transition is made by a definition of vector product (x) as follows. For vectors u and v, u (x) v
=u x V- (u.v), where u x v and (u.v) are respectively normal vector product and scalar product. For any vector | with a unit
length, I (X) | = -1, which is similar to the imaginary number. Thus the formula e®(1 6 ) = cos( 6 ) + l.sin( 8 ) can be defined just
as Euler’s formula in complex number theory. The coefficients in VSR can take complex numbers to achieve a fundamental
generalization on vectors and complex numbers. Functions on VSRs can be defined in much the same manners as complex
numbers enabling to solve wide range of vectors and scalars problems.
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1. ZRITEZEBIZBIT 27 b o REEEAR

SWRITZERNZ AW TR hLr ZEERE N7 kL
adDEVICHO TR THELNDL Y b
Ared+sn, ZZTHEE#NY hladDRES%E
1&4%, (aa)=1.

T HONT briZ—HEICRANTRIHATE 5,

r=(ra)a + ax(rxa) (1.1)
BHEILE N7 hLoa sy, BT a b EA
R Tl %,

KdDHXZ7 bk
rr=ax(rxa).cos(0)+ (axr)sin(6)+ (ra)a
=(axr)x{a.cos(6)+sin(6)}+(ra)a
(1.2)
UTHEOFIET Ccx®#<s7 ML a@DE DI 072
RIS E TR MV 2B 5EFENTE D,

2. WEHEZEZHAWERZ MVEEOAR

Eo~7 FVEERZ N TR LY HICEE R
BRARETH 5,

2.1. ' BTvE:d
EHabcd il LTUTONTHERNERZIND,

z=a+ib+jc+kd =(ab,c,d)
TR kT
in2=jr2=kr2= ijk=-1
icj=-j-i=k
jok=-k-j=i
Kei=-i+k=j

ot#k(a,b,e,d)d H B azEE, (b,c,d)z BEE & I
S W I EEROEN 2 R TICHERLZ
DERDIENRTE L,

Wtz ,u, wiZxf L CULTFOMERS 5,
zu=/=u.z R 2 il 7o ST
(z.u).w=z.(uw) = z.uw S E T
z.(U+W) = Z.u+z.w 53 B A & i 7 9

VO e BoiE g A L oy Bl AR I 7o 9 28 A MR A A e
s R R, BIHRZRT,

L4 I JT B

Myxx#z=a+ib+jc+kdizxt L TEDILBEMNT

B*BUTOEIICERIND,
z*=a-ib-jc—kd

P9 5T D HZE L B
L, a= (z + z%) /2

REE s (b, c. d) = (z - z%)/ 2

Tt qoF (23

MUoc# z, w O FE D LI D W TR O BILR A Rk AL,
(z.w)y*=w*, z*

D9 5T $% O s xt E

oz L2720 IX
zz*=ar2+ b2 +cr2+d2 = |z| "2

ZO |zl & 2 ORETHE X ITKRE S LIRS,

2.2 MDA

SWREEMICBT DIEEDORT MV or=(x,y,2) &
PUcHr] = (w, x,y,2) IZxHE &5, w=01E[r]®
FEHTH D, BIH = WILZE M % M o &5 <t
IEEEDLDOTH D, i H 0T & B R
KARTDHICHOTENEMEEZE TR WVERIZIERE
FTAKLTH BV,
ASFHERER7 b (I, m, n) ZEEHIZETMNIT
¥ x2[e]l=0,1,mn&T 5,

SWILEMIZBT DT by r B EEREAR S SV
e=(,mn) OFYLICAHOLTEIEEETHLR
LN Mk LTS
ZomERARFATR O X (1L.2) TH X B 5 M
Thz Wit TRET L L

(rl= [7]-[r]- [T]*
B L

[T] =cos(0/2) +sin( 0 /2).[e]

ERD, THIFEEHBEICIDQA2)ICELWENR
RN 5D,

[FIER [T B & fe W CRIER[UT & 4T 5 & 2k e LT
FEIEE[UL[TIZAT 9. ZHIZEFICABRAKXT
HH0, WRHENEETH DO TEEEED
PIRTEESRY MLTHETED FEZUT
WZEET D,



3. R MLV RABT—B

3.1, BALRZ FLEE
=Kk It vector ZE ] O FERE AL 7 RV i jkISx L
TH 2 HFARZE L,mn ZFFOHAL vector e Z LA T
RV EERT D,

e=1Ili + mj +nk

(ee)=1"M2+m"2+n"2=1

EABEEDORN N7 MV OWEZE 0D &

R MAVORNE., XiXAV T —HE,;
Gi)=G.)=k. k) =1

(i)=0.1H)=0
(4.k)=(kj)=0
(k.i) =G.k) =0

ABELIIRT P
ixi=jxj=kxk=0

iXj=-jxi=Kk
jxk=-kxj=i
kxi=-Ixk=]j

32 RT MV« AT —DEH
FEH a,b 12 % L T vector.scalar # &2 k0 & %%
T2,

[zZ]=a+Db.e =(a, b, b.m, b.n)
EoarmzxRT RV ADT—[Z]DABT—E. b
R MPAEEESFREIZLE S,
eI E T bV A BT —OWFIZH
WABMRFE LWL S ICEEE,

Z Z T vector.scalar OJHE & L TR O FEHE(X) %
ERT D,

L @ vectoru, v 1ZxF LT
u(x)v= uxv - (u,v)
(B (ED)

T OO IT R F EH O T 273 scalar f Td 5 A
Wk LTI s OFE & 72 D NI vector 72 5 85
AR LTI ED L) RRFHRAREELRDLDT
Z % vectorsalar fE L I 5HH (2T 5,

BIR DO EFHH S M7 X 51T vector.scalar %
T EORE EAREMIZFELTH D, iz~
Ve 2807 —0EIIM T e R UL BRE2RKT

REETH D,

Vector ZERIICHBIT DAL LX) & iz T X
N7 MPLVORNEENABEIIROELIIICERET L F
HTE D,
(u.v)
uxv ={uXxywv
FLERITKDY
e(x)e =-1
LD, T THALRY ML e AN b (axis
vector) L FESHFIZT 5,

()
(H5)

-{fu(X)v+v(xX)u}/2
-v(x)u} /2

[z] =a+ b.e [T E D vector IR BLE T A B
TR MLORE—HIRBELEEBZZOND, T
O E M T vector.scalar & FEON[z] £ 7213 o z &
R T HFITT D,

3.3 vector #£#&
R h)ye AT — [z]=a+be OXT b
(vector conjugate) &

[z]"*=a-h.e

LIEFRT D&
[2] (x) [2]"° = (a +be) (x) (a - be)
= an2 + b2
= [[z]["2

Ehb, 22Tz NE[zZ]oMexE, FlolEkE &
Tbhbbd,

o7 Ve AT —I2ONT
[zZ]1 =a+be ® a % scalar #5. b % vector i &
ERT D&
a={[z] +[z]" }2
= Sc[z] ;A 17 — B (scalar part)
b={[z]-[z]" Y(2¢e)
= Vc[z] ;X7 LB (vector part)

ZZTlle=-e Th o, 7z 5 (1) (x) e =1.

3.4. Ri228i% 3 % vector.scalar DEE
73 % dh vector; e, f & 3 % vector.scalar [z], [w]

[z] =a + be
[w] = ¢ + df
i R

[z](x)[w] =(a+be) (x) (c+df)
= a.c—b.d.(e.f) + b.c.e +ad.f+b.dexf
it J5
[w](x)[z] =(c+df) (x) (atbe)



= a.c—b.d.(e.f) + b.c.e +adf+bdfxe
Bz
[z1(x)[w] =/= [w](X)[z] IR E ST,
BLe=fOHEAITIIRAHBAEZRMZT,

HBHEEICOWTITRZ2DIENT ML ef l2o0
TH—MRICWE DAL D 32D,
{[z] (x) [W]}" = [w]*® (x) [2]"°

FCHSHE IR L CIX R A2 D8l vector @ MU T
vector {22V T H — R I DO BRI Y 3L,
[[z] (x) (W]l = [[z]] « [ [w]]

35. RZ7 MV« AH T —DOWBEZERTR
N7 M AHT—[x]E

[x] = x0 + x

= (x0, x1, x2, x3)

DEIICRBATLHHEFLT D,
ZIZTXOFEABT—EHTHY

x =x1.i +x2.j + x3.k
I PV TH D,

Ed
[[x]] = SQR{(x0) "2 + [|x| 2 }
x| = SQR{ x172 + x272 + x372}
ERAR
[x] = x0 + x
=|[x]]. {cos(Ox) + sin(0x).1x}
=[[x]].er(0 x . Ix)
2L
cos(0x)= x0/ |[x]]
sin( 0 x) = [x[ /[[x]]
1x = x /|x|

MR T DFIIUTOENL D,
[T]=cos(0) +sin(6).l
LE &
INxE 0 THmT 5L
[d/d 6 ][T] =-sin(0) +cos (0).l
=1 (x) [T]
v bW

[T]=er(10)=cos(0) +sin(0).l

3.6 Vector.Scalar # A\ 7= [Hix DR A

SWRITZEMICEBWTEE O vector v & H AR
7 hbe=li+mj+nk =(I,mn)% fifi(axis) & L
TZEODORVIZA 0 7217 I8#E &8 T vector r' 15
Pl I R

r = {cos(0/2)+sin(0/2).e}
x) r
(x) { cos( 0 /2) +sin(0/2).e }'
=enN0/2.e) (xX)r (x)en(-012.e)

LD, TAUREEEFREICLDY
r= e(re)+{cos(0)+sin(0)e}x{r-e(re)}
= (e xr) x {e.( cos(0) + sin(0).e) } + (r.e)e
ERDEIZLVHRTE D,

3.7. BFEEE D Vector.Scalar

~ 7 hJv - R J1 7 —E(Vector-Scalar Ring)
VSR [z]iZ
[z]1 =20+ 2z

=z0+2zl.i+2z2.j+z3.k
2 THRE{zn; n = 0,1,2,3 HE —MITITEF L E
EWMDHDENTE D,

zn = xn + yn.i (i.i=-1)
xn (TEH, yn ITEH TH D REMHE LD,

Ry ML ERLE
VSR [z]=20+z @
~ 7 kv (Vector Conjugate) i3 ;
[2]"°=120-z
16 #% % (Complex Conjugate) i
[Z]cc = 20 + 7 ¢¢
= x0 + x1.i + x2.j + x3.k
-i.{y0 + yl.i + y2.j + y3.k}

ERAID T —HEEEY PUE
VSR [z]& DX 7 MV H B FELE ORI
[z] () [2]¥®° = [z0| 2 + |z| 2
-20.2°°+20z-zx2z°
AT T —fITIEADOEETH Y N7 VI H
EEEE & D,
Re{[z](x)[2]"**°} = Sc{[z](x)[2]"**}
=1z0]"2 + |z| 2
Im{[z](x)[2]"**} = Ve{[z](x)[2]"*}

=-20.2+20°z-zx2z°

#HFE VSR ® Norm
o RAH 77— %[z]® Norm & M5,
| [z] 1l = sar(lz0| 2 + [z|"2)



it A 3R
[z] =20 + 2
I Lz] . C [z0l/ |l [z] [ .20/1z20]
+ |z |/|\[Z]\| z/lz| )
| Tz] |l . {cos(6 z)

AL
cos(0z)=12z0[/1 [z] |l
sin(0z)= lzl/| [z] |

1Z:Z/| |
HICHEBEELII DT S E
(2171 =] |l
= cos(0z). z0/]z0] + sin(0z).1z

=cos(0z). x0/]z0| + sin(0z).x/|z|
+i{cos(02).y0/|z0] + sin(02z).y/|zl|}

=cos(0z).cos(¢p) + sin(0 z).cos(W¥)lx
+i.{cos(0z).sin(¢) + sin(0 z). cos(W)ly}
HL

cos (¢ )= x0/|z0]|

sin(¢ )= y0/|z0]

cos (W)= |x|/]|z]

sin(¥)=|yl/|z]

Ix = x /x|

ly =y /Iyl
4. VSROEHE
4.1 38

VSR O NG, EHEITZMW oM TH 5,
[xX]1 (X) [y] =/=[y] (X) [X] ;2c#aff % 5 7= &
([x] (x) [y]) (x) [z] = [x] (x) ([y] (%) [2] ) ;
fEOEEmZT
[xI () CLyl + [2]) = [X] (x) [y] + [x] (x) [z]
(IXI + [yl ) (x) [z] = [x] (x) [z] + [y] (x) [z] ;
SyBLAEE T,
$E > T VSR O & RIL8R & i1,

4.2. #L
VSR [z]=20 +z 1Zxf L C
[2] () [21 = (20 + 2) (x) (20 - 2)
=20"2 + (z.2)
= |[2]
W2 [z2]1D e X
U[z] = [2]"/ | [2] |
B L et fif
[[z]]= 2072 + (z.2)
W RICITEFERE A2 D,

. 20/1z0] + sin(6 z).1z}

W IZ OWTIE RN LT D,
U[z] (x) [2] = [z] (x) 1/[z] =1

FlZ 20 =0 DFAITIETRZ b ifi L
1/z=-21(z.2)

L%,

4.3 &
VSR [x], [YIo R [2]ic 72 5 b D & 5,
[x] (x) [yl = (x0 + x) (x) (YO +y)
= x0.y0 — (x.y) + x0.y + y0.x + x Xy
iR AR 2 R T T
[xX]= [ [x][I.e” (6 x 1x)
= I Ix] [ . (cos(Ox) + sin(0 x).1x)
[F] Bk 12
Iyl= I [yl ll. (cos(Oy) + sin(0y).1y)
[z21= [ [z] |l (cos(0z) + sin(02).1z2)

T5 L
(z] = [x] (x) [y]JoOF
Izl = I Ix3 0. |l [yl |
cos(0z)[= cos(0Ox).cos(0y)
- sin(fx).sin(0y). (1x.1y)

sin(0z).1z = cos(0x). sin(0y).ly
+ cos(0y). sin(0x).1x
+ sin(0x). sin(0y). (1x) x (1ly)

LB,

LL BT VSR @ INsi 3R bk D J5 ik 3 SE L 72

5. VSR o #%

51 RFE L RFAR

LS

EoMOBEBEICEVWTX] =yl B &
x]1r2= | [x]] "2

( cos(20x) + sin(20x).1x )
= || Ix]] "2.e (20 x.1x)
— I HARE n ’iJIL“C

[X]*n= | [x]] "n.e (n. 0x. 1x)
RER
VSR [b]
[b] = b0 + b =] [b]l].e (6b.1b)
WZxt LT
[x] 2 = [b]

BRA]E[2]OYHIR &ML,
| Ix1]] "2.e"(20x.1x) = | [b]].e (6b.1b)



= [[[b]].e"C (Ob+2x).1b )

£0
| [x] 1= sQRCl [b] )
0x =0b/2, 0b/2 +x
1x = 1b

B HBIZ 2 5,
[x]= +,- SQR(| [b]]). e (O8Db/2.1b)
— %I n TARIT n EAEET S,

5.2. BB
FEEplzxt LT
PA[X] = pA(x0 + Xx)
= p™x0. e”(log(p).x.1x)
= p~x0.( cos(log(p).x) + sin(log(p).x). Ix)
B L
x= |x|
IXx =x/x

EHopg oKkt LT
(p-a)"[x] = p7[x] (x) 9™[X]
fth 5
XI*p=(ll [x]].e"(0x.1x) ) p
= [ [x]] "p .e (p. 0x. 1x)
ELTEET DL
B 5 [x], [yJigk LT

([x] ) yD)'p=/=I[xI"p (x) [v]l'p
p ([x1+[y]) =/=p [x] x) p Ly]

BN ® 758~ 7 NLviE AT 5 VSRIZxH L TIiEs
FOERANIR S L, B LE— 07 Va2 A
T % VSR O IEFE O R AN K ASL T 5 7o D 3k
ERIDSRRSI L, BB A ER TE 5,

5.3 *F B %
[xX1= I [x]|l.e" (0x. 1x)
= I [x]ll.e”((Ox+27mn).1x)
WZxt LT
Log([x]) = log(| [x] )+ (0 x+2xn).1x

(n (THEE0)

5.4 ZABEK
FREEHEEZ AN TLUTORIZERT D,
cosh([x])= {e [x] + e (-[x])}/2
sinh([x])= (e"[x] - e (-[x])}/2
cos(x) = (e (x.1x) + e (-x.1x) )/2
sin(x) = (e (x.1x) - e (-x.1x) )/(21x)

B L
1x = x/x
1x (x) 1x = -1

BERVSRO=ZABEK
VSR O ZABAKIIEZEEO ZABEK LRI CEOR
W AR
cosh([z]) = cosh(z0 + z)
= cosh(z0).cos(z) +1z.sinh(z0).sin(z)

sinh([z]) = sinh(z0 + 2z)
= sinh(z0).cos(z) +1z.cosh(z0).sin(z)

B —RIC 2] D ERREE AT D561,
z0 = x0 + y0.1
zZ =X t+ty. 1
£
1z = z/2 = x/z.x/x + y/z.y/y. 1
= cos(¢).1x + i.sin(¢).1ly
DEIICHEAFMD 27 MVIIHRTE D,
fH L
z= |z] =SQR(x"2 +y"2)
Xx= |x| = SQR( x172 + x2°2 + x372 )
y= |yl = SQR( y172 + y2°2 + y372 )

E
sinh(z0) = sinh(x0).cos(y0) + i.sin(y0).cosh(x0)
cosh(z0) = cosh(x0).cos(y0) + i.sin(y0).sinh(x0)
T b,

6. VSR o &R

KA D VSR [x]=(x0,x1,x2,x3) & & te T = D
BEHRICEILL CTHEN FRENE2 T C TR FNE
AWIICHETH D, THIXM T EEE E21T 9 I0%
L, BFIEMETH D, VSRERZHVWIE~NY
MV BAIC & o T LV I S Y B
SEWE L CHENRTE IR T ThEHEREK
DVSRZ LW H>FENTE D,

6.1. —RFER
[1] EARFEKX

[a] (x) [X] = [b]
D fRIx

[x] = 1/[a] (x) [b]



[2] REAMRZ bV DO—KFBR

axy=>b (6.1)
ZNE VSRIZT 7= ilh A & T

(ay) = 2 (EEDEHK) (6.2)
MEDEEZRD &

ax)y=b-2
Ih &y

y=1a(x)(b-21)
=-ala(x) (b-21)
= bxal/a+ (a.b)la+(A/a).a
y B 7 ML TH B 72D
(a.b) =0
TR TEZR B2V,
BT iR 1%
y= bxala+(A/a).a (6.3)

B8] EE»bDFEEEFL—K VSR FEX
[a] (x) [X] + [x] (x) [b] = [c]
HARMIZ X
(a0+a) (x) (x0 +x) + (x0+x) (x) (bO+ b) =c0 + ¢
FFE O R
Scalar & i
(a0+b0).x0 — ((a+b).x) = c0
Vector ¥ 1%
(a0+b0).x + x0.(a+b) + (a-b) Xx =¢
CZTH IHEIEAY v ab 0D FmE, A
TENEEERZEMICH DL, > T x, cldENE
NDZEMIZH D DD NOKD, X7 Flab
DHE %2 % Inside, & EARXT HZEM%E
orthogonal & L TZ N ENIHWAF it CTRAIT S &
(a0+b0).x0 — ((a+h).xi) = c0
(a0+b0).xi + x0.(a+b) = ci
(a-b) X xt = ct
ct=cX (ath)/|atb]|
ci=c-ct

UEDHTBEAZUTICELD D L

ai=ai+bi (i=0,12,3)
Bi=ai-bi (i=0,1,2,3)
LT
a0 -al —-a2 —-a3 X0 c0
al a0 0 0 Xil _ cil
a2 0 a0 0 xi2 | | ci2
a3 0 0 a0 Xi3 ci3
MY

0 -B3 B2 xt1 ctl
B3 0 -B1 | xt2 _| ct2
-2 81 0 xt3 ct3

UL k%< &
X= Xi + xt
AL
Xi [>T
¢ a0=/=0 D
x0=(a0.c0+ a.ci)/ [[a]lr2
Xi=ci/la0 ta. (x0/a0)
AL
a=(al0, al, a2, «3)
[[a]l?2 =002 +a 1”2 +a2"2 +a 32

¢ a0=0DHF
cO.x0+ci.xi=0
72 HIEE D VSR,

Xt IZ 2>\ T
xt=ctx B/B
6.2. “IRFER

[1] ZEAFGEKX
RMEXNTx LT
[x]1"2 + [a] (x) [x] + [x] (x) [a] + [c] =0
INhEEELT
{[x] + [a]}"2 = [a]"2 - [c]
(S
[x] = -[a] +- SQR( [a]"2 - [c] )

[2] — D%

[x]*2 + [a] (x) [x] + [x] (x) [b] + [c] =0
ZZT

[X] = x0 + x
IRDFEMIEIC KV MRy 2R E T D &

Scalar 8
X072 + (a0+b0).x0 + ¢c0 — { (x.x) + ((a+b).x) }=0

Vector i
(2x0+a0+b0).x + x0.(a+b) + (a-b) x x +c =0

EI3HEIIRNZ P abDELHMICEETHIND



—RGBROGE LFAKICZEOm DN & EH A
T HHERZERIIT 3T T

(a-b) x xt+ct=0

xt=ctx B/B

fih 5 a,b Dk 5 N D LTI DWW T
(2x0+a0+b0).xi + x0.(a+b) +ci =0
Zh &y
Xi = - (x0.(a+b) + ci ) / (2x0+a0+b0)
=-(x0.a+ci)/(2x0+ «0)

X0 {2 2Tl scalar #8  H FE
X072 + (a0+b0).x0 + c0
— { (xi.xi) + (xt.xt)+ ((a+b).xi) }=0
rVWkE5s,

FEIZ x0=0,B0 B RIMB RN 7 SO AL
X = Xi + xt
= ci /(a0+b0) + ct x (a=b) /|a-Db|
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