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1. Introduction
,Predecessors

Nyquist 1924
Hartley 1928
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Source( ) : + | Channel cod. RF
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2 Information Quantity and Entropy

Jnformation source
«( ) {Li; }
Li ; Pi
> Pi

()S 1(S)
I(S) = Log(1/P(S)) = -Log(P(S))
P(S); S

P(S)=1 I(S)=0
P(S) > P(T) & I(S) < I(T)

2
P(S)=1/2
I(S) = -Log(P(S)) = 1.0 (bit) Bit; Binary Unit
Nat; Natural Unit
P(S) = 1/4 1(S) = 2 (bits) 1.39 (nats)
P(S) =1/3 I(S) = 1.6 (bits) = 1.10 (nats)

()S

(i=12,,n) N

M(N)
M(N) = N!/{(N .P1)! (N .P2)! ... (N .Pn)1}

S 1(S)

Pi
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1(S) = Log(1/M(N))
=N.H

H = -[i=1,n]= Pi .Log(Pi)

1)
(2) H

Entropy

H = -[i=1,n]Z Pi .Log(Pi)
[i=1,n]z Pi=1
Shannon H Entropy

Entropy
[P1, P2,,,,Pn] log(1 Pi) i 2Pi.log 1 Pi

Properties

=/=

Pi=1/n (i=1,2,,,n) Entropy
H=Log(n)
3 JAdditive law;
PA=P[1] + P[2] +,,,+ P[K]
PB =P[k+1] + P[k+2] + ,,,,, P[n]
pali]=Pi / PA (i=1,2,,,,,K)
pb[i]=Pi /PB (i=k+1, k+2,,,,,n)

H[P1,P2,,,,Pn] = H[PA,PB] + PA H[ pa[1], pa[2].,,.palK] ]
PB .H[ pb[k+1], pb[k+2].,..,.pb[n] ]
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Simultaneous Probability
Two probabilistic variables; x, y
P(i, j) = Probabily{x =i,y = j}
P(i) .Pi(j)
Pi(j) ; (Conditional Probability)
X = y=ij
P() = [1% P(i.j) = [IX PO) -Pi()

Statistical Independence
Xy
P(i.j) = P(i) .P()

Entropy;
> log P( )
> log
> log
Xy
X
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3 Information Source Coding
)
Symbols; {Si ; i=12,,n}
Associated Probabilities; {Pi; [i=1,n]Y Pi=1}
Si

The objective of source coding is to
maximize the transmission efficiency by assigning the shorter transmission codes for

the source symbols with the higher frequency probabilities.

Binary tree
Binary tree
0 0 0 0
1
1
1
0
1 0 0
1
1 0
1
(Leaves)

If the symbols are coded to the leaves, then comma-free codes are achieved.

Si li(bits) Let li be length(bits) of symbol Si, then;
[i=1,n]y 2~-li =<1

Average number of length of Symbols
L =[i=1,n]Y Pi.li

( ) Source Coding Theorem of each symbol
L > =H[P] = H[P1,P2,,,,Pn]
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Proof
Ln(x) =<x-1
x =i/ pi
gi = 2/-li
Log (qi / pi) =< (qi / pi — 1) .Log(e)
Pi i
[i=1,n]> Pi.li [i=1,n]> Pi .Log(Pi) =< ([i=1,n]> 2™-li — 1) .Log(e)
L+ H[P]=<0
L >= H[P]
Shannon Shannon's Source Coding Method

P1>=P2>=,,,,>=Pn
Accumulated Probability AP(j)
AP(i) = [j=1, i-1]5 Pj

i Si li(bits)
@ ; Log 1/Pi =<Ii< Log(1/Pi)+1
2™l =< Pi <2 270
)
AP(i) li Si
Comma-free Pi=0.0,,01xyz,,
1 1 AP(i) li

AP(1)=0.000,,, AP(n)=0.11111,,, AP(i)

Binary tree  leaves

Shannon Efficiency of Shannon’s Source Coding Method
(1) Pi i ( )
[i=1,n]3 Pi.Log(1/Pi) =< [i=1,n]> Pi .li <[i=1,n]Y {Pi .Log(1/Pi) + Pi }

H=<L<H+1
( ) Source Coding Theorem on Block of symbols
S=> S "m;
S={s(i);i=12,,n} S(i) P(); y[I=1Ln]3 P(i)=1

S S M={S(i1,i2,,,,im)} = {S(i1)-S(i2)---S(im)}



Yokohama Open Academy Seminar

S(il,i2,,,,im) ; P(il,i2,,,,,im) ;[i=1,n;j=1,m]Y P(ij) =1
S™m Shannon Lm
H(S"m) =< Lm < H(S"m) +1
S

P(i1,i2,,,,im) = P(i1) .P(i2) .....P(im)

H(S*m)=m .H
Lm=m .L
H =< L < H+1m

C(bits)

m->oco ->H

P1>=pP2>=,, >=Pn

Stepl Step2 Step3 Step4
0.2 057 |0 0.2 00
0.19 1 037 |0 010
0.18 1 011
0.17 1 043 |0 0.17 10
0.15 1 026 |0 015 110
0.10 1 0 1110
0.01 0.11 1 1111
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Huffman

P1>=p2>=,,,,>=Pn

Exercise
Huffman Fano
Apply Huffman’s method to the previous example and compare the results with that by
Fano’'s method.
Fano Huffman

State the reason Huffman'’s method is generally more efficient than Fano’s method.

Run tp)in -
<n>={1-(1-p)(N-1)}/p

Huffman Run-length
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Rate-Distortion theory

The entropy of an information source is defined as the lower limit in the average
length of the binary codes mapped from the source symbols by any method with the

constraint of no distortion introdeced by the coding.

v

A

d(x,y)
dixy) =0 (x=y)
=1 (x=I=y)
<d>
d(xy) = (x-y)"2
H(X) H(Y)

P(x.y) H(X,Y)
H(X,Y) = H(X) + Hx(Y)
= H(Y) + Hy(X)
1(X:Y)
I(X:Y) = H(X) — Hy(X)
= H(Y) — Hx(Y)

v
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Py(x)=1(x=y),0(x=/=y) Hy(X)=0
1(X:Y)
Hy(X) Hy(X)
H(X)
1(X:Y)

Distortion Function
< > [ijIx > d(i.j).P(i.j)
<d>

1(X:Y) Distortion Function

Distortion Function
0,1 p 1-p

Py(x); PO(0) =P1(1) =1-e, PO(1)=P1(0)=¢e
Hy(X) = h(e) = -e.Log(e) — (1-e).Log(1-e)

R(D) = h(p) — h(D)

R(D)

R(D) =Min { H(X)-Hy(X)} = H(X) — Max Hy(X) (<d>=<D)

H(X) R(D)

10
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Communication through Channel with Errors

R H(X) C H(Y)

v

A

Communication Capacity
H(Y)

Bits/sec

1(X:Y)
1Y) = H(X) = Hy(X)
= H(Y) - Hx(Y)

Py(x)=1(x=y),0(x=/=y) Hy(X)=0
Hx(Y)=0

Hx(Y) Hy(X) Hx(Y)

(Dissemination) Hy(X)

(Equivocation)

1(X:Y)

Communication Capacity

11

v
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Channel Coding Theorem

Proof
2NT.R)
2NT.H(X))
2NT.H(Y))
2NT.R) 2NT.H(X))
2NR-H(X).T)
27NT.Hy(X))
(1-27R-H(X). T)™N2NT.Hy(X)) (=) 2M{(R-C).T} (C=H(X)-Hy(X))

12
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2MRT)

-

2MNH(X).T)

2MHx(Y).T)

2AH(Y).T)

27 (Hy(X).T)

Model of Communication Path with Errors; Dissemination and Equivocation

13
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Basic Theory of Safe Communication; Encription

Plain Text
2™NH(X).N)
2~(Ho . N)

—
00}

Encrypted Text

27NH(X).N) .

C(2"(H(X).N))

Relations between Plain and Enciphered Texts; Equivocation in Crypto-Analysis

14
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Ho H(X) (bits/Symbol)

redundancy

Hc(K)=-3 P(C).Pc(K).Log(Pc(K))

Hc(K) = -<Log(m)> = -[m]> m/Sk.Pm.T.Log(m) = -[m] > 1/k.Pm.Log(m)

Hc(K) = Log(<m>) = Log(S) — Log(T) + Log(k)
= H(K) - ( <m>=[m]Yy m.Pm)

Hc(K) Unicity Distance

15



