Yokohama Open Seminar

2006/7/30
Fourier series

en(i2m nt/T) n=0, +-1, +-2,,,,,
X(t) [n=-00 001> X(n) .e”N(i21T nt/T)
X(n)
UT .[-T/2,T/2]f x(t) .e™(-i2m nt/T)dt

¢ [nj(H)=en(i2n nt/T); n=0, +-1, +-2,,,,

T2, T2 |

ul/I™2 = -TI2,T/2 |

fhall (norm)

@ [n](t)=e~2m int/T) ;n= 0, +-1, +-2,,

(@ [n](1).@ [m]() ) =1(m=n)
=0 (m=/=n)

X(t) = [n]3 X(n).e [n](t)
X(n)= (x,9 [n])
€« Vector

IXIN2 = (x, x) = UT[-T,T] | Ix(t)/~2dt =[n]3 /X(n)/"N2
x(t)
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Fourier transform

X(t) (0 <t< o)

[0, ] [ x(®)/dt< o ( )

X(iw) =[-0, ©] [ x(t).e (- iw t) dt

Fourier transform

X(t) = 1/211 [0, 0] [ X(iw).e™Niwt) dw

2nnfT—
@ [n](t) =er2mr intT) —— eNiw t) ¢ (wt)

xy)= [0, o] [ x(t).y*(t) dt

IxIIh2= [, 0] [ IX(E)/"2 dt

¢ @t =[w,0] eXi(w-0))dt=70 (0-w)

¢ (@ @(wt) =[w0]f ei(w(t))do =0 (t-t)
o (1)

0 () [, ][ eNi(wt)dw
=[Wooo] [-W, W][ eNi(wt) dw
=[Wooo W/ sin(Wt) / Wt
t o  t=+-11 [2W t/>1t [2W 0
/W Wit
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[ o()dt=1
v(t)
I v(t). 5 (t) dt=v(0)

Exercises

Fourier Series

Expand the following fubnctions to Fourier series.
(1) x()=cos(at) (-T/2<t<T/2)
(2) y)=sin(at) (-T/12<t<T/2)

Fourier Transform

(1
Calculate the Fourier transforms of the following functions.
(1) x(t) =cos(a t) (-TR2<t<T/2)
=0 (otherwise)
(2) y(t)=sin(a t) (-TR2<t<T/2)
=0 (otherwise)
(3) x(t) =en(-t"2)
[2

Prove the following roperties about Fourier Transfoms.
(DX(w) =[ o]f x(t) e (jwt)dt

X(t) =121 [-00 ][ X(jw) eMjwt)dw

(2) x(t) If x(t) is real ,
X([jw)* = X(-jw) z* z complex conjugate
(3) [0 oo]f /x(®)/2dt = 121 [-0 oo ]f /X(jw)"2dw
Parseval
(4)
x(t),y(t) X(jw) ., Y(w)

(xy) =[-e0 o ]f x(t) y(t)*dt
<X, Y>=1/21t [0 o] X(jw) Y(w)*dw
(Y*; Complex conjugate of Y)

(xy) = <X,Y>
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Laplace transform

I iw
V(1)
[0,0]f Nv(t)l.e™(-0 t) dt < oo
s=r+iw
V(s) = [0,00]f v(t).e”(-st)dt
V(s) Res>o °
121 i[o - i, 0 +i0]f V(s).eNst)ds =v(t) (t>0)
=0 (t<0)
Proof
121 i[o - i, 0 +ico ]f [ v(t').e”N(-st’) dt’.e”(st) ds
=[ v(t)dt' 1/2mi[o -i, 0 +ic]f eNs(t-t')} ds
=[ v(t)dt' 12mi[-c0, o ]f e™M(o +iw)(t-1)} diw
=[ v(t)dt' eNo (t-t)}1/21m [-00, o J[ eNiw (t-1)} dw
= v(t) eM(o (t-1)}.0 (t-t)dt
=v(t) (t>0)
=0 (t<0)
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t=20 impulse & (t)

g(t)
g(t)=0 (t<0)

Transfer function

g(t) Laplace transform

Convolution
g(t) X(t)
X(t) =[O0, ) x(t).0 (t-t) dt’ (t >=0)
o (t-t)
y(t) Convolution

y(©) = [0, ]| x(t).g(t-t) d

Convolution
Y(s) = X(s) .G(s)

Y(s) =[0,0 ]f y(t).e™(-st) dt
=[0,00]f [ x(t).g(t-t') dt’.e”(-st) dt
=[0,00 Jf X(t).en(-st’)dt' . [ q(t-t').e™{-s(t-t) }dt
= G(s). [0,00 ][ X(T). en(-st’) dt’
= G(s). X(s)

X(s) G(s) Y(s) = X(s).G(s)

G(s) = Y(s) I X(s)




X(s)

Feed-Forward

X(s)

G(s)
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Z(s) = Y(s). H(s)
= X(8).G(s).H(s)

»

Y(s) = X(s).G(s)

| HEG)

| G(9)

>

X(s). G(s) H(s)

Feed-Back

X(s) Ij G(s)
A

Operator

H(s)

v(t) (t>0)

[0,t]] v(x)dx

Y(s) = G.(YH + X)
Y = X .G/(1-GH)

v

H(s)

A

V(s)

[0,00]f e~(-st) .{[0,t]f v(x)dx} dt
= [0,00 ]] {e”(-st)/(-s)}' {[0,t]] v(x) dx} dt ({} =d{/dt)
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= [en(-st)/(-s). [0,t]] v(X) dX]@ [eo -O] + (1/s) [0,00 ]f e”(-st) v(t) dt
(1/s).V(s)
1/s

V'(t) = dv/dt
[0,c0 ]f en(-st) .V'(t) dt
= [e7(-st) .v(1)]@[~ -0] - [0, ]| (-s) .e”(-st) .v(t) dt
=-v(0) +s.V(s)

dy/dt +y + [0,t]f y(t )dt =1
y(0)=0

sY =y(0) +Y + Y/s = X(s) (x(t) = 1(t>1))
Y(s+1+1/s) = y(0) + X(s)
Y(s) = X(s)/ (s+1+1/s)

X(s) =[0,0]f en(-st).1dt=1/s

Y(s) = 1/(s"2 + s +1)
= 1/(s-a ).(s-B )}

a  -1/2 +iR(3)/2
B -1/2-iR(3)2 (R(3) = 3™(1/2))

y(t) = /21 i [-ico , ic0 ] 1/{(s-a ).(S-B )} .e”(st) ds
= Res(a )+ Res(B) Residue
={ena ) -enB Hi(a -p)
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= 2/R(3) .e(-1/2) . sin(R(3)/2.1)

X( ) |—' > YO )
> 5 >
L 1/s R

x(t) = o (t) ; Impulse response
X(t) = u(t) (=1 for t>0, O for t<0) ; Step response

x(t) =t (t>0, 0 for t<0) ; Ramp response

H(s)
X(S) R . Is #Y(S)

Y/IX=H(S) =(2( .wn.s+wn"2)/(s"2+2( .wn.s+wn"2)

H(s)
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Sampling

T v(t) vs(t)
vs(t) = [n]> v(nT).d (t-nT)

Vs(s) = [n]Y v(nT).e™(-nTs)

z=e”(sT)

V(@)= [n]% v(n).z™(-n)

v(n) =v(nT)

V(s) o Re(s) >0 V(s)

/z] = e™{Re(s)T > eno .T)

V(s) Re(s) <0,
o [
v(n) = 121 i[/z/=1]] V(2).z”(n-1) dz
12mi[/z/ =1]f z’"mdz =1 (m=-1)
=0 (m=/=-1)

z(s) = e”(sT)
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z(s+k21t i/T) = z(s)

V(z(s+k21t i/T)) = V(z(s))
2 ilT

uT

vs(t)

[n]> v(nT).d (t-nT)
v(t) . [n]> & (t-nT)

[n]T 8 (t-nT) =T .[K]S en(k2m it/T)
T (k=0, +-1, +-2, ,,,)
0,00 [ {v(t).eNk2m it/T)} .en(-st)dt =V(s- k2mi/T)

V(z(s)) = LT . [K]3 V(s- k2m i/T))
W
V(z(i)) = T . [K]3 V(i(w - k2m /T))
= UT . [K]3 V@ i(f- KIT))

(k=0, +-1, +-2, ,,,)

G(2) = [k=0,1,2,,,]3 9(k).z"*(-k)
gt) = [k=0,1,2,,,]5 g(k).5 (t—KT)

x(t) = [n]x g(n).6 (t—nT)

y(®) = [n]Z g(n). [k=0,1,2,,,]% g(k).0 (t—KT-nT)

10
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y = [m]y {[k=012,,]3 x(m-K). g(k)}.0 (t—mT)

Yz = [n][k=0,1.2,.]3 3 9(n). 9(k).z*(—k-n)
= G(2).X(2)
Y  =[n][k=0,12,.]3 3 g(n). 9(k).z*(—k-n)

=[mly {3 [k=0,1,2,,,]x(m-k). g(k)} .z"*(-m)

X(2) ZN(-1) Y(2)
X(z) = [n]% x(n) z*(-n) Y(2) = [n]X y(n) z7(-n)
y(n) = x(n-1)

Y(2) = [n]Y x(n-1) z~(-n) = z™-1.[n]> x(n-1) zM(-(n-1)) = z(-1) .X(2)

X(z) Y(2)

v

Z7(-1)

A

Y = X + z7(-1)Y
DY = X/(1 - 27(-1))

X(z)=1
Y(z) = 1/(1 - z7(-1)) = 1 + 2N (-1) + z7N(-2) + 27(-3) +,,,,

X(2) = (1 — z7(-1))
y(n) =

11
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V(z) = [n=0,1,2,,,N-1]> v(n).z"\(-n)
z=e”(sT)

V(z(iw)) = [n=0,, N-1]> v(n).e™(- iw T)

(V]
wkl=k. Aw (k=0,1,2,,,,N-1)
A w=21 /NT
V(k) = V(z(iw [K])) = [N=0,,N-1]3 v(n).e"(- i kn 21t /N)

V(K) = [n=0,,N-1]5 v(n).W~(kn) (k=0,1,2,,,,N-1)
W =en(-i21t /N)

Discreet Fourier transform( )

v(n) = N [k=0,,N-1]3 V(K).WA(- kn) (n=0,1,2,,,,N-1)

= 1N [k=0,N-1] ¥ {[1=0,,N-1]3 v(I).WA( KI)}.WA(- kn)
= 1/N . [I=0,,N-1]5 v(l) { [k=0,,N-1] 5 WA(k(-n))}

=v(n)

[k=0,,N-1]5 WA(- km) = 1+ WA(-m) + WA(-2m) +,,,,+ WA(-(N-1)m)
= {1-WACNM)M{L - WA(m)} = N (m=0)
= 0 (m=/=0)

12
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(Fast Fourier Transform, FFT)

V(K) = [n=0,,N-1]5 v(n).WA(kn) (k=0,1,2,,,,N-1)

(Time decimation method)

V(k) = [n=0,,N-1]% v(n).W~(kn)
=[n'=0,1,2,,,N/2-1] > v(2n).WA(k2nY) + 3 v(2n' +1). WA k(2n' +1))
=[n'=0,1,2,,,N/2-1] > v(2n).WA(k2n) + WAK. Y v(2n' +1).WA( k2n')

V(K)=  ['=0,1,2,,N/2-1] ¥ v(2n).WA(k2n) + WAK . T v(2n’ +1).WA(k2n)
V(k+N/2) = [0'=0,1,2,,,N/2-1] ¥ v(2n).WA(Kk2n) - WAK . T v(2n' +1).WA( k2n)
(k=0,1,2,,N/2 -1)

V(K) V(k+N/2)

[N'=0,1,2,,,N/2-1]5 v(2n).(WA 27 (kn") = VO(K)
[N'=0,1,2,,,N/2-1]3 v(2n'+1).(WA 2)A(kn') = V1 (k) (k=0,1,2,,,N/2-1)

V(K) = VO(K) + W~k. V1(K)

V(k+N/2) =VO(K) — WAk V1(K) (k=0,1,2,,,N/2-1)
VO(K), V1(K) W =Wn2 N/2

VO(K) = VOO(K) + WA(2K) . VO1(K)

VO(k+N/4) = VOO(K) — WA(2K) . VO1(k)  (k=0,1,2,, ,N/4-1)

V1(K) = V10(K) + WA(2K) . V11(K)
V1(k+N/4) = V10(K) - WA(2K) . VIL(K)  (k=0,1,2,, ,N/4-1)

13
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VOO(k) = [n=0,1,2,,,N/4-1] T v(4n).(W~ 4)~(kn)

VOL1(K) = [n=0,1,2,,N/4-1] T v(4n+2).(W" 4)~(kn)
V10(K) = [n=0,1,2,,N/4-1] 5 v(4n+1).(W" 4)~(kn)
V11(k) = [n=0,1,2,,,N/4-1] ¥ v(4n+3).(W~ 4)(kn)

\V00(0) 000 = v(0)
V00(1) onm = v(4)

V01(0) V010 = v(2)
VO01(1) V011 = v(6)
V10(0) V100 = v(1)
V10(1) V101 = v(5)
V11(0) V110 = v(3)
V11(1) V111 = v(7)
Log[Z](N) Log(N)

(Frequency Decimation Method)

V(k) = [n=0,,N-1]3 v(n).W~(kn)
=[n=0,1,2,,,N/2-1] > v(n).W~(kn) + 5 v(n+N/2).W"(k(n+N/2))
=[n=0,1,2,,,N/2-1] Y v(n).W~(kn) + (-1)"kY v(n+N/2).W~(kn)

V(2Kk) =[n=0,1.2,,N/2-1] § {v(n) + v(n+N/2}WA(2kn) = VO(WA2)
V(2k+1) = [n=0,1,2,,N/2-1] T {v(n) - v(n+N/2)L.W”n.WA(2kn) = V1(WA2)
(k=0,1,2,,,N/2-1)

14
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go(n) = v(n) + v(n+N/2)
ho(n) ={ v(n) - v(n+N/2)} . W™n

VO(WA2) = [n=0,1,2,,N/2-1] 5 gO(n) .(W~2)*kn)
V1(WA2) = [n=0,1,2,,N/2-1] 5 hO(n) .((W"2)"kn)

(k=0,1,2,,,N/2-1)

V(2K), V(2k+1) (k=0,1,2,,,N/2-1)

VO(WA2), V1(WA2)

v(0)
v(1)
v(2)
v(3)
v(4)
v(5)
v(6)
v(7)

Log[2](N)

»

=V0(0)
VO(1)
V0(2)
VO(3)
=V1(0)
V(1)

V1(2)
V1(3)

V(k) = [n=0,,N-1]> v(n).W~( kn)
v(n) =1/N [k=0,,N-1]Y V(K).W"(- kn)
W =en(-i21t /N)

\00(0)
voomX:D
VO1(0)
VOL(1)
V10(0)
V10(1)
V11(0)
V11(1)

(k=0,1,2,,,,N-1)
(n=0,1,2,,,,N-1)

V000 = V/(0)
V001 = V(4)
V010 = V(2)
V011 = V(6)
V100 = V(1)
V101 = V(5)
V110 = V(3)
V111 = V(7)
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