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1.
(whole number)
1,2,3,,
10 12 60 ( ) (
). ( ) +
a b=b a a (b+c)=a b+a c
(integer)
(group) +
a -a —-a=0-a a (b+cp=a b+a ¢ b=-c
a 0=0 , a=1,c=0 b+0=b
(ring)
(rational number)
a
a a a-=1 a'=1/a
(fields)
a,b (at+b)/2
(compact)
(real number)
( V2
(irrational number)
(complex number)
in2=-1 (imaginary number) i (complex number)
X, y zZ=x+1iy,= (X, Y)

(polynomial)
n (variable) x P(x) = a[n].x*n + a[n-1].x(n-1) + ,,,,+a[1].x + a[0]

{a[i]} F



n P(x)
n n n (factorization)
(algebraic number)
(transcendental number) T e
2.
< , Totient function>
m 1.2,,m-1 m
@ (m)
m=p( ) ¢ (p) =p-1 ¢(1)=1
m=pta (a ) ¢ (pha ) =pta -pNa -1)
{1.2,,pM} pta p p~a /p= p™Na -1)
M , m m=p[1]*a [1] p[2]™a [2] p[k]™a [K]
¢ (M) =@ (p[1]™a [1]) @ (p[2]™a [2]) ¢ (p[k]™a [K])
=m. (1-1p[1l])) (1-1/p[2]) (1-1/p[KD
m=p~a g"p p m/p q m/q
m/(.p.q) ¢ (m)=m-m/p-m/q+ m/(p.q) = m.(1-1/p).(1-1/q)
< (remainder)>
A m A (mod m) 0 A m (Ais
divisible by m) {0,1,2,,,,,m-1} m
< (reduced remainders set)>
m 12,,m-1 m m
@ (m) m=p( ) {1.2,,p-1}
< >
p {0,1.2,,,,,p-1} F(p)
F(p) a a a=p-a
a a” X a a x X
F(p) F(p) F(p)
X,y a x=a y(modp) a (x-y)=0(mod p) a=/=0
X=y a a x=1(mod p) X X
a
<Fermat >
p a
a™(p-1) = 1 (mod p)
m m a
an@ (m) =1 (mod m)
m x[i] (i=1,2,,,, @ (m)) y[il]=a x[i] (mod m)
i [Ty[i] = a™@ (m) TIX]i] ITy[i] = TIx[i]

a™@ (m) =1 (mod m)



< (primitive o generator)>

F(p) a 1=a 0, o, a ~2, a "3,,,, F(p)
,ar=1 a r
Fermat a Mp-1)=1 r p-1
r=p-1 (primitive) g gni(i=0,1,2,,,p-1) Fp) O
(generator)
< (discrete logarithm)>
g F(p) X y=g™(modp) vy
x = ind[g](y) X y y Y =gMx+x)
g
< (index table)>
p F(p)
p=11 g=2
Ind(x) | O 1 2 3 4 5 6 7 8 9 10
X 1 2 4 8 5 10 9 7 3 6 1
5.x =3 (mod 11)
ind(5) + ind(x) =ind(3) & ind(x) =ind(3) —ind(5)=8—-4=4=» x=5
3.
p F(p)
< F >
n
P(x) = a[n].x*n + a[n-1].x~n-1) + ,,, +a[l]. x+ a[0]
af[i] (i=0,1,2,,,n) F P(x) F
< Reduced polynomial>
Px)=0 F P(x) (reduced)
< , Extended fields)>
F P(x)=0
n n
< >
px) F
PX) p(x) r(x) =P(x) (mod p(x)) r(x) Galois
GF(p(x))
a,b c=a+ci (iN2=-1) i
ir2+1

(atbi).(c+di) = a.c +b.d.i"2 +i.(b.c + a.d) (mod i”2 +1 )= ac-bd +i(bc+ad)



< Cyclic polynomial>

XN =1
n p(x)= a[n].x*n + a[n-1].xNn-1) +,,,+ a[l]l.x + a[0]
x.p(X)= a[n].xM(n+1)+a[n-1].x*n + + a[0].x
X X~ N=1 X~N.p(x) = .p(x) N
< binary field>
0,1 0+0=0,0+1=1,1+0=1 1+1=0
0 0=0,0 1=0,1 0=0,1 1=1 2 GF(2)
< Galois Extension field >
GF(2) n p(x) 2™n GF(2n)
p(X)= x™*n + p[n-1].x~(n-1) + ,,, + p[1].x +1 1 x=0
p(x) pli] (i=12,,n-1) 0 1 p(x)
x=1  p(x) p(X)
p(x) r(x) = a[n-1].x™(n-1) + a[n-2].x\(n-1) + ,,,, + a[1].x + a[o] n-1
ali] = 0,1 2™n p(x)
p
< Primitive >
GF(2™n) p(x) =0 g 1=9"0,9,072,09"3,,,, ¢
r g™r=1 g™N(2™n-1) =1 r 2™n-1
r=2"n-1 g GF(2™n)
g g (generator
polynomial)
p(X) =x"3+x+1 p(x) GF
gro=1 (0,0,1)
g =X (0,1,0)
gn2 =x"2 (1,0,0)
gn3=x"3=x+1 (0,1,1)
g™ =xX"2 + X (1,1,0)
g5 = XN3 + X2 =xM2 + x +1 (1,1,2)
gN6 = XN3 + X2+ X =xM2 +1 (1,0,2)
g7 =x"N3+x=1
0 (0,0,0)
{0, 1, g,9"2,,, g6} GF(8)
< Discreet Fourier Transform DFT >
XN -1 = (X-1).( XMN-1) + X (N-2) + ,,,,+x + 1) x"N-1=0 x=1
g g™N(N-1) + g™N(N-2) +,,,, +g+1=0
c(X) = c[N-1].x~(N-1) + c[N-2].x(N-2) +,,,,+ c[1].x + c[O] {c[i];
i=0,1,,N-1} Fourier {C[K]; k=0,1,2,,,,N-1}
C[Kk] =[i=0, N-11% c[i].g"\(k.i)
C[i] = /N [k=0, N-1]y CI[K].g"(-k.i) ( )
[i=0,N-1]5 g"(k.i) = (1- g~(N.K)) / (1-g”"k) = 0 (k=/=0) , N(k=0)
Fourier (DFT)
X"N-1=0 g =en(j2m /N) (j"2 =-1)



4. PN
Pseudo Noise

CDMA
<PN >
n c(n) = .c(n-1) + g[n-2].c(n-2) + g[n-3].c(n-3) +,,,+ g[1]..c(n) + c(0)
g(i)y 1,0
d(n)
c(n)
d(n) + T > M M M M
> b oom-- >
c(n-1) ¢«
A A A y

g[n-1].c(n-1) + g[n-2].c(n-2) + g[n-3].c(n-3) +,,,+ g[1]..c(1) + c(0)

c(n) =d(n) + g[n-1].c(n-1) + g[n-2].c(n-2) + g[n-3].c(n-3) +,,,+ g[1]..c(n-(n-1)) + c(n-n)

-a=+a
c(n)+ g[n-1].c(n-1) + g[n-2].c(n-2) + g[n-3].c(n-3) +,,,+ g[1]..c(n-(n-1)) + c(n-n) = d(n)
z C(¥).G(x) = D(x)

G(X) = x™n + g[n-1]. x(n-1) + g[n-2].x~(n-2) + g[n-3].x™(n-3) +,,,+ g[1]..x +1
C() =[]y c(i).xNi

z x=1/z
< >
D(x)=1 1 C(x) = 1/G(x)
< >
0 Cx) Gx)=0 (Characteristic
equation) c(x) GX)
n n G(X) 2" -1
r(x*r=1) 2/n-1 r=2"n-1 (Maximum Length code)
< >
n L=2"n-1
<c¢(m)] = (¢(m-1), ¢(m-2),,, c(m-n+1), c(m-n)), <c¢(m+1)] =< c¢(m)].G
G (transition matrix) < ¢(0)] m
< ¢(m)] = <c(0)].G™m L=2"n-1 G™N2™n-1) =
I( ) G 2”"n-1 ( )



g[n-1] 1

g[n-2]

g[n-3]

g[n-4]

gl1]

o000 |O0|+|O|O
/

OO0 |O0|O|Fr|O

OO0 |O|0|O|O

O[O0 |0|O|O|O

PN

1 -10 +1

Ix1 =1, -1x(-1) =1 1x(-1) = -1 €> 0+ 0=0,1+1 =0, 1+0 = 1
C(X) = [i]3 c(i)x*  (c(i) = 1,-1)

R[C](m) =[i = 0, 2*n-1] 5 c(i).c(i+m)

1
27n/2-1 G d| G™k + G™ = G™m
PN

27n/2

0

m

(auto-correlation function)
R[C](m) = 2*n-1 (m=0), -1(m=/=0)

R[C](m)

2”n-1 PN 1
(chip)
(cross-correlation)
PN
< CDMA>
(Code division multiple access,
CDMA)
d(n) d(n)
d(n).c(n)
—’ —> ________________________ >
A C(n) A C(n)
y
PN
PN
A
X |
|
|
F____J' ______ _i
|
————————————— > |
( ) 1 ( )
<ML >
n ¢ (2™n-1)/n n=10 60 15 1800
(S.W.Golomb)
<Gold >
L. PN PN L.L PN



Gold

PN CDMA Gold

(shared secret key system)

< >
HP
RSA
< RSA >
(1)
(2) ( Plain-Text)
3) C = P e (mod n)
(4) d
c d mod
cd ( ) mod
() n =pgq
(b) (mod (p-1) (g-1))
©)
RSA Fermat
A (p-1) (mod  p)
c d P ed P 1+t(p-1) (g-1)
=P Pt (p-1)(1)
Fermat
P (mod n) ( n=pq)
RSA n p.q
p.q.n
< Diffie-Hellman >
Alice, Bob
Alice

ng

PN



X o = g”™x (mod n) Alice Bob (n,g,a) Bob

y B =g™y (mod n) B Alice Alice
B y =B " Bob vy '=ay y =y '=g”(xy) (mod n)
nga B Y%
6
(convolutional codes) (block codes)
(Cyclic codes)
< >
Block n( words symbols)
c(x) = c[n-1].x~(n-1) + c[n-2].x™(n-2) + ,,,, + c[1].x + c[0]
(Cyclic codes) x~n =1
x.c(x) = c[n-2].xN(n-1) + ,,,,, + ¢[1].x"2 + c[0].x + c[n-1]
XN i
< >
c(x) =[i=0,n-1]1> c(i).xNi d(x) =[i= 0, n-1]Y d[i].x"i c(x) —d(x)
c(x) —d(x) =0 0 0 D
c(x) d(x) D( ) c(x) —d(x) (weight) D
0 ( allo )
< >
n k (n,k) k r=n-k
(parity check words) : r a(x)
(systematic codes)
d(x) = d[k-1].x(k-1) + d[k-2].xNKk-2) +,,, + d[1].x + d[0]
c(X) = xr.d(x) — Rem[ x*r.d(X)/g(x) ]
Rem[P(x)/Q(x)] P(x) Q(x)
r 9(x) c(x) _g(x) 0
¢ = (d[k-1], d[k-2], ,,,d[1], d[O], p[r-1],p[r-2], ,...p[1], P[O] )
< >
e c(x) + e(x) 9(x)
Syndrome s(X) cx)  g(x 0 s(X)
s(x)=0
< >
a(x) x™n -1 = (X-1).(X-w ). (X-w 2).,,,,.( X-0 MNn-1) )
() p(x) =0 (primitive) r
() 1w, w”™2,, w™N2™-1) 0
GF(2"r) GF(2"r) n=2"r-1
<BCH >
2t (generator polynomial)g(x)



2t+1
BCH (BCH bound)

<Reed-Solomon >
g(x) = (X-1).(x-w ).(X-w *2).,,,,.( X-w N(2t-1) )
(n, n-2t, 1) t Reed-Solomon
r r.t
Reed-Solomon
(208,188) 2t=208-188=20 n=208
Byte, 8
47 bytes 0
<n=15 Reed-Solomon >
n=15 xN5=1
p[1](X) =xM +x+1=0 ()
w”™0 =1 (0,0,0,1)
W™ =w (0,0,1,0)
w2 (0,1,0,0)
w3 (1,0,0,0)
w™M=w+l (0,0,1,1)
W5 = W2 +w (0,1,1,0)
W6 = W3 +w N2 (1,1,0,0)
WN=0wM+0 N3 = w3 +w +1 (1,0,1,1)
WN= WM+ M2+ 0w = w2 +1 (0,1,0,2)
W™= w3 +w (1,0,1,0)
WwNM0= WM+ N2 = w2+ 0w+l (0,1,1,1)
WMl= WM+ N2+ W (1,1,1,0)
WNMN2= WM+ M3+ W2 =W N3 +w N2 +w +1 (1,1,1,1)
WM3= WM+ N3+ WN2+tWw =W N3+ N2 +1 (1,1,0,2)
WMNM4= WM+ N3+ w =3 +1 (1,0,0,1)

wN5=w™M+w =1
t=2 Reed-Solomon

t
Reed-Solomon
GF(2"r)
t=10

n = 278-1 =255 (bytes)

10,072,003

(shortening)

g(x) = (x-1).(x-w ).(X- 2).( X-w "3) (15,11)

<n=15 BCH >

Reed-Solomon GF(2"r) BCH GF(2)
GF(2) (x+1)"2 = x"2+1

P(X)"2 =P(x"2) (%) m[1](x) w,w”"2,0"™M,w"8

w™N=1 m[0]{x} = x+1

W, W2, ™M, w8

M1](X) = (X+@ ).(x+w ~2).(x+0 ). (X+w ~8) = X M + X +1

w3, W6, WwN12, WN9

mM[3](X) = (X+w "3).(x+w "6).).(X+w N12).(X+w "9)
=XM A XN+ X2+ X+

w5, w0, m[5](X) = ( X+w "5).( Xx+w NM10) =x"2 +x + 1

w7, w4, w3, w Ml m[7](X) = X +0 "7).(Xx + 0w N14).(X +w M13). (X + wN11)

= XM +Xx"N3+ 1

9(x) = m[0](x).m[1](x)

g(x)

5

(15, 10)




g(x) = m[0].m[1].m[3](X) m[3].m[7]
(15, 6), (15, 7)

(n,k,©) BCH (Lucky, et.al)
BCH Reed-Solomon
GF(2"r) BCH GF(2)
1980 BCH
Reed-Solomon Reed-Solomon
/Viterbi (concatenated codes)
<BCH >
GF(n) x*n-1=0 () 2t
2t+1 t
[ ]
c(x) = c[n-1].x~(n-1) + c[n-2].x~(n-2) + ,,,, + c[1].X + c[0]
CIK] = c(w "K) (k=0,1,2,,,,n-1)
C(y)=[k=0,n-1]3 C[Kk].y"k
cll] =1/n. C(w (1)) (1=0,1.2,,,n-1)
2t Clk] O Clk+k] K
Clkl=0 (k=n-1,n-2,,,, n-2t)
C(y) = [k =0, n -2t-1]> C[Kk].y"k n-2t-1 C(y)
n-2t-1 2t+1 cll 0
< Reed-Solomon >
r(x) r(x) = c(x) +e(x) +
e(x) = e[n-1].x™(n-1) + e[n-2].x~(n-2) + ,,,, + e[1].x + e[O]
e[l] = 1, efll=0
R[k] = C[k] + E[K] (k=0,1,2,,,,n-1)
C[k] =0 (k = n-1,n-2,,,,n-2t) R(k) = E[K] (k = n-1,n-2,,,,n-2t) 2t
() Syndrome
(locator polynomial) A (X)=A [n-1].x*(n-1) + A [n-2].xN(n-2) +,,,,+ A [1].x+ A [0]
1, 0
| Alllell=0 (1=0,1,2,,,,n1)
{Af[n;1=o0,1,2,,,,n1} A [K] ALKI=A (w™k) (k=0,1,2,,,n-1).
A (X) = A [n-1].xMn-1)+,,,+A [1]1.x + A [0] All=1UnA (Uw™M)
t A (X) t A (X) t
A[0]=1 AX) =1+ A[1].X+,,,, + A [t].x”t

0=[1=0,n-1]3 e[l]-A [[I] X"l €
S AX).EX)=[k=0,t][m=0,n1]3 (5 A [K].E[m-K]).x*m

[k=0, t]3 A [K].E[m-K] =0 (for all m)

Syndrome {E[m]; m=n-1,n-2,,,,,,n-2t }
E[n-2].A [1] + E[N-3].A [2] +1000000ms + E[n-1-t].A [t] =E[n-1]
E[n-3].A [1] + E[N-41.A [2] +10100000s + E[n-2-tLA[t] =E[n-2]
E[n-1-t].A [1] +E[n-2-t].A [2] +,,,,01s + E[n-2t].A [t] = E[n-t]
t t
A (X) Al = UnA (L) ( )

10



\Y t 0 t AX) Vv
v=<t

Berlekamp-Massey
[1](R.E.Blahut)
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