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Abstract

The flight control of space rockets or satellites requires a continuous co-ordinates conversion between the flying bodies and
external inertia space. The co-ordinates transformation is equivalent to rotation of a vector around another axis vector by a
specified angle. A very simple method of such coordinate transformation is based on quaternion algebra, which is a complex
number system expanded to three dimensions.  The quaternion system is converted to a Vector-Scalar algebra maintaining the
algebraic property as Ring by defining a new multiplication for vectors. The Vector-Scalar multiplication is defined as follows.
For vectors u and v, u (x) v=u x v — (u.v), where u x v and (u.v) are respectively normal vector product and scalar product of
vectors u and v. The two very different multiplications of vectors are thus unified by the single Vector-Scalar multiplication
which is essentially the same as the multiplications of quaternions. The Vector-Scalar Ring is a further generalization of
quaternions as the elements can also have complex values. For any vector a with a unit length, a (x) a = -1, which is similar to
the imaginary number. Thus the formula e*(@a ) = cos(0) + a.sin(0) plays a similar role as Euler’s formula in complex
number theory and enables definition of functions in Vector-Scalar systems to solve new genre of vector problems.
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1. Mm%

1.1 B L EANMHE
FEHabecd i lH L TUTFTOMTENEZSIND,

z=a+ib+jc+kd =(ab,c,d)
TR kI
ir2=jM2=k"2= ijk=-1
i-j=-j-i=k
jok=-k-j=i
k-i=-i-k=]j

WtH(a,b,e,d)®H b arEE., (b,c,d)ZBE & W
S WX EHE R OEN 2 ZRTICHERLZ G
DERDLIENRTEL I,

Wz u Wiz LT TOMEERD B,
z.u=/=u.z T2z ST
(zu).w=z.(uw) =zuw FEAHEEMmLT
z.(u+w) = z.u+z.w 53 Bl A 2 i 72
(z+u).w = z.w+u.w
I~ Qe e R S R = S e B X E
e SR RER, IBERTH S,

3L 4% 4 JT

Wit z=a+ib+ jc+ kd lZxt L CTx D&Mz

BB UTOEICERIND,
z*=a-ib-jc-kd

19 5t $ o # xtHE
oz & zx0fE X
z.z*= a2 + b"2 + ¢c"2 + d"2
= |z]| 2
T2 Tlzl % z O EXITRE S LIES,

MU D EE & EE
FEEH; a= Re(z) = (z+z%)/2
s (b,c.d). (i, j, k)= Im(z)=(z-2z%)/2

1.2 MDA
“WRILEMICB T 2EEONT MV r=(xy,2) %
PUoeHr] = (w, x,y,z) IZkHIE S5, w=01E[r]®
FEHTH D, BIH =Wt 22 & Mo $ o i st
G ESEDDOTH D, Tt BT 5k & Bk
KARTDHHICHND,

A HFMAERZERZ vy (I, m, n) ZEHICETMNT
Balel=(0,1,mnt 35,
SWIEZERICEB T D7 b ZEIEGEASR S L
e=(,mn) OFEVICHOLZTEIESETHLN

L7 M vEY T 5
ZOEEEAXIIM T TRIT S &
(1= [T1-[r]-[T]*
B L
[T] =cos(0/2) +sin(0/2).e

2. RZ M)V« ZHTFT—R

21. R MV« AHF—DESE
=kt vector ZE[H D JEFEHAL~ 27 B Vi jkizxt L
TH& % HFmank IL,mn Z £ D HAL vector e Z LL T
WEVERT D,

e=1li + mj + nk

(ee)=I"2+mr2+n"2=1

HAEEDOHEM N NLVOWEEFE DB L
_R7 PVORNE., XixFAH T —HK,;
Gi)=G.D=k. k) =1

(i5)=@G.1)=0
(4.k)=(kj)=0
(k.i) =G.k) =0

NBEELITNT NV,
ixi=jxj=kxk=0

ixXj=-jxi=k
jxk=-kxj=i
kxi=-Ixk=]j

W2 FEH a,b (2% L T Vector-Scalar # &k K12 L v
ERT Do

[zZ] =a+b.e =(a, b.l,b.m, b.n)
EDazNy b ADT—[]DRAH T —E.
be ZX7 M ELIESHEIZL LI,

FR_T MV AT T —FH(X) ZRICERT D,

L& ® vectoru, v XL T
u(x)v= uxv - (u.v)
(4 75) (W HH)

HEE ()T EBEEO M2 scalar i T 5 54
WxF L CiRE e ORA L 72 B 32 vector 22 B 5
BRI LTIE ED LD Rk E L 2 D,

AR OERPOHLNREHIICRT b 2D T
—RBE XN T ORE L AREWICFE LT TH D,
Vector ZEfJICHBIT D |AE L L TX) & iz T HiX
X7 MVONBEEABIIROLIICERT D F
HTED,



(uv) =-{uxX)v+vxX)u}/2
uxv ={uXxX)v -v(x)u}/?2

(N Ff)
(M)

FLERITKDY

e(x)e = -1
LB, TITEODRNMNRY FLe ZEIRT PV
(axis vector) L FES I T 5,

[z] =a+be FEFEHAMK TEMITIELEZD
DOENVIII T D vector IEHR L E 2 BN D,

22 N7 PR
N7 hve AH T —[z] =a+b.e DHE(conjugate)
%

[zZ]'=a-b.e
EEETD L
[z] (x) [z] = (a+be) (x) (a - be)
=a"2 + b"2
= |[z]I"2
L%,

ZZCI[z]liF [zl MR E, ET2ITRESTH D,

oW s iz o T
[z] = a + be @ a % scalar &, be % vector &
EEERT DL
a={[z] +[z] }/2
= Sc[z] ;AN 7 — B (scalar part)
be = {[z] - [z] }/2
= Vc[z] ;X7 kLR (vector part)
23 X7 btk L ERLE
AR T = e R RVEIE R FEE A B
DNED, X7 b e AHT—[zIT2>\ T
[z] = z0 + z1.i1 + z2.i2 + z3.i3
= (z0, z1, z2, z3)
=z0+z
FLRTLT D,
AL
z=121.i1 + z2.i2 + z3.i3
= (z1, z2, 23)
i1, P2, i3IIEERMNZ PLTHD,

[z~ bt & F T
[z] =20 -z (N7 b detk)
[2]* = z0* + z* (B FI4)
[2]1* =20*%-z* (BEHR»r>o~x7 hLIk)
i ORI

[z]" (x) [z]* = (z0 - 2) (x) (z0* + z¥)
=20.z20*+ (z.z*) +20.z*-z0*. z -z x z*

EDORAD T —HITEK, X7 PVEHITEERTH
L5
Sc ([z]" (x) [2]¥) = Re ([z]" (x) [z]*)
= |z0|"2 + |z|"™2
= |[z]|"2
Ve ([z]° (x) [2]*) = Im ([z]" (x) [2]*)
=20.z*-20*.z-zxz*
BIHAD 7 —8HIZTEAOETTHY ZNIL[z]D
Mo O ZF 2 H L < X7 b VIR B oo X
7 Ml s, [AEEORE R I [2] (X) [2]* 122\ T
Bk YN,

24. RURD2WMEFTHXRI MV AN T —DEE
W7p S e, f 123 % vector-scalar[z], [w]

[z] = a + be
[w] =c +df
i R

[zZI(X)[w] =/= [w](x)[z]
AR i 7 ST,
BLe=fOLAITIIZHBELE-T,

HBHEICOWTIERLRDE N L ef o0
TH — RN Y Lo,
{[zZ1(x)[w]1} = [w] (X)[z]"

TS HE R E I B L CIX B 72 B #ih @ vector-scalar |2

DWNTH —RICRDOEFERLY LD,
lz(x)wl = [z] - |w]

3. Vector-Scalar R\

3.1 Vector-Scalar @ & & #E £ R

R R AN T—EEBHITIFTROBFEIZEL W

BHEMEND 5,

[1] BREDOBEERT

EEDOHEFEK z=x+iy =(xy) I® LT
X =r.cosd
y =r.sin®

LT 5L

z=r.(cos®+i.sin(P))

=r.e"(iD)
HLTRAA T —DonXNE T,
en(i®) =cos(P) +.isin(P)



[2] RZ bV e 2H T — DRBEERR
UEOBERHIHL O ERMNB T bv e 20T
—IZOWVWTHHARETH 5,

[T]=cos(6) +sin(0).i
Iz THHnT 2L

[d/d 0 ][T] =-sin(6) +cos(0).i

= 1) [T]

bR

[T]=eri0)=cos(0) +sin(0).i
ZOEFRICT LKV Lm0 AL vector @ I T Y
vector A (X [EE A OME L 72 5,

en(if) (x) erid) =eri(o+D))

N—W DT b)ye 2HT7—[2IT2ONTKDERIZ
MERE R R ZAT O FENTE D,
N7 hvs AT —[zlIck LT
[zZ] =20 + 2
= [[z]l. (zO/ [[z]] + Z/|[z]] )
= |[z]l. (z0/ |[z]] + z/|[z]].iz )
=1[z]|. (cos( 6 ) +sin(0).iz)
=[z]]. en( 6 . iz)
B L
cos(0) = z0/ |[z]|
sin(0) =z /|[z]]
iz=2z/z
ZIERI7 P zORESTHD,
z= 4V (z1"2 + 2272 + z23"2)

32 R M)V e ZAHT—DEB/ITREZRT

N7 kv 2H T —[x], ly], [zZ]iZ 2>\ T
[1] Rz &
[x] (x) [yl =/=[y] (x) [x]

[2] WY,

(Ix] () Iyl) (x) [2] = [x] (x) (Iy] (x) [2])
[3] Z7 B 2 i 7= 9

[(X] () (Iyl + [21) = [x] (x) [y] + [x] (x) [2]

(IXI+Iyl) (%) [2] = [x] (x) [z] + [y] (x) [2]
BT hve AH T —OREKILER (Ring) % KT,
PLEE~Z7 by 205 — 75U e 80 5 il 7 5 7>
DHOLNTHDLIN AT MVEHEIZ LD &I
fEICEH#EF R CIEA T & 5,

3.3 Hfrjt L ¥
—fEofkalcH L Tar0=a, a-1=aThsd,
a lCKF D MEOWIEiE-a Th Y RE O ITIL

l/a(a=/=0)ThH 5,
R R ZAH T —IZBWTHa]OME KT 5
Wotik-[a] Th HINEEICKH T LY LM TH A
IV

[a] (x) [a] = |[[a]"2
ThoHrhMb

[a] (x) [a]'/ |[a]|"2 =1
#Z [a] o W i

1/[a] = [a] / |[a]["2
ER

[a] (x) 1/[a] = 1/[a] (x) [a] = 1
DAY N,
B2 a0=0 O AT

[a]=a0+a =a

1/a=-al|[a]|"2
BB 7 b IR TREINDITD
W LD EDTHD,
BREBERBRBEOLGEICIET —RIIKETIBEELK
Th D,

34, RZ RV« A HTF—DEE

[1] ~& 3R
MERERRICT 2 ST 15,
[z2] =20 + z
=|[z]]. e(®. iz )
INEnE3 oL
[z]*n = (z0 + z)"n
= |[z]|"*n. er(nb. iz )
= |[z]|*n. (cos(n 6 ) + sin(nB). iz )

[2] FH1R
AR R R KD

[z] = |[z]]. (0. iz)

= |[z]]. er((0+2 = ). iz)

Nl g A )|

[X]A(1/2) = |[z]|M(112). e~(08/2. iz)
K

= - [[Z]IM(1/2). en(0/2. iz)

2MHDEN B %,
FERIC n BRI nE@OM»RH D, n=1,2,,

[3] BHEE
FHa,bLBAAE mITHLT
ar2=a-a
a™m -+ a"n = a®(m+n)
(a®m)”™n = ar(m + n)
(@ b) m=a"m - b™m



EPBERIC T B ORI EERTh o7z, %
WZE OO ITES, AR, ERE L THE
BlzHemk S i, EOERIA K O 2D AR L IE 22 #2
BICHD2FEZEBETIVEZBAINK D 72720
R M AHT—BICBTSEHKENNTIAT L
B oTL 5,

NR7 MV AT —[2]Z RO KX I ICEKFLT HHFH L&
T 5,
[zZ] =20+ 2z
= |[z]].e"(<2).iz)
BL<2)iF[z]PKATH b,

Balzxt LT
a*z] = an(z0 + 2)
=a"z0.a"z

= a”z0. e~(log(a).z. iz)
= a”z0.( cos(log(a).z) + sin(log(a).z), iz)
EEET D,

T 5L a bizx L TCIRMNEKY LD,
(a - b)*z] = an[z] (x) b [z]

L LEERZYRT v v e AHT— TR Y ST
VWb oRndh b,
an[z] (x) ar[w] =/=a”([z] + [w])

CHIEEDN zxw OEEZETLOICAEBITE F 7
WENHLNTH D,
E

([a] (x) [bD"2 =/=[a]"2 (x) [b]"2

NI MVEBRREERO L OICERT D,
[a]"z = ([[a]|.e"(<a).ia) )" z
= |[a]]*z (x) en(<a).ia (x) z )

=e”(log(|[a]]).z.iz ) (x) en(z.<a).ia x iz)

+ eN(- z.<a).(ia.iz) )
= e/N(- z.<a).(ia.iz) )
* (cos(log(|[a]]).z) + sin(log(|[a]l).2).iz)
(x) (cos(z.<a)) + sin(z.<a)).ia x iz)

— kDX hv e AH T — BRI E LT ORI
ERRTHOBREHHTHA I,
[a] *z] = [a]*( 20 + 2)
= (|[a]l.e"(<a).ia) )" (z0 + z)
=|[a]|*(z0+z) (x) e”(<a).ia (x) (z0+2) )
=|[a]|"z0 - |[a]|*z (x) e*(z0<a).ia + z<a) ia (X) iz )

[4] X BURE
R7 kv e 2G T —[allcxt T B %t &

[a] = [[a]]. e"(<a).ia)
WXk LT

log([a]) = log(|[a]]) + <a).ia
EEFEL LD,
— I

er2xn)i) =1
ThdNb
log([a]) = log(|[a]]) + (2 = n + <a).ia
(n=0,+-1,+-2,,,,,)

HI G st BT IR Z Al et )N A T D

LRt B BE o m'E %2 ~7,
¥alzktL T
Log([a]*a) =« .log([a])
Log (a *[a]) = log(« )[a]

Ll —f&%IZ
Log([a] (x) [b] ) =/=log([a]) + log([b])
Log ([a]*[b]) =/= (log[a]) (x) [b]
fH L
Log([a] (x) [b]) =
N7 R VER X
[a] (x) [b] =
X5,

log(|[a]l-[[b]]) + <c).ic

|[a]l.[[b]].e"(<c).ic )

BT ja = ib A ITIE
Log([a] (x) [b]) = log([a]) + log([b])
Log ([a]*[b]) = log([a]) (x) [b]

MEL Y LD,

[5] =ABE%

“ABRKITA A T —D AKX
en(if)=cos(0)+i.sin(0)

WXV EFREBICEEL TERIND,
cos(O)=(enif)+enr(-if)) /2
sin(0)=(erio)-enr(-i0))/(20)

BHEH z=x+iy 2L T
cosh(z) = {e”z + e"(-2)}/2

= cosh(x).cos(y) + i.sinh(x). sin(y)
sinh(z) = {e*z — en(-2)}/2

= sinh(x).cos(y) + i.cosh(x).sin(y)

BERBIZEH > TRXZ MV 2T —DO =K%
UTOXIITERT D,



N7 M)V AH T —
[xX] = x0 + x.i

(XL T
cosh([x]) = (e[x] + e(-[x]) ) / 2
sinh([x]) = (e"[x] —e(-[x]) ) / 2
cosv(x) = (e™(x.i) + en(-x.i) ) /2
sinv(x) = (en(x.i) - en(-x.i) ) / (2i)

T5 L EHREL FERIC
cosh([x]) = cosh(x0 + x.i)
= cosh(x0).cosv(x) + i.sinh(x0). sinv(x)
sinh(z) = sinh(x0 + x.i)
= sinh(x0).cosv(x) + i.cosh(x0).sinv(x)
MRV LD,

4. N7 K )V ABT—BOEH
4.1, —RFBEN

[1] ZARA—%kFEX
[a] (x) [x] = [b]
D iR 1%
[x] = 1/[a] (x) [b]

[2] RERT P ArO—KRFERX

X7 ha, bl L T7 MV AR
axy=Db (4.1-1)

D ZRD L 9,

X7 M 27T LD

bt £ 77 2 =G

a.y= 1 (AHT7—) (4.1-2)
EEZD,
WA ERXDELED &
a(x)y=b-2
Ny )

y=1a(x)b- 21/a
=-(axb)/ar2+(ab)/a”2+ Lalar2
Yy BT ML TH LTI
(a.b)=0

BiBH_7 Fvab idERZRLTHWARLS TIERL RN,

fif 13

y=-(axb)/ar2 + 2rala™2
ZOfRIFAENEELETHEXRUGLN)OBE, N7
MvbzrAIZEST 5 EXNUL2)DOMEEH XD,

[3]1 [a] (x) [x] + [x] (x) [a] = [b]
TOHFBRRIZRZ ML A AT —DOEREITHML

TRODLENTE D,
[x] = x0 + x = (x0, x1, x2, x3)
[a], [BIIC OV T HFEBRTH %,

ERAR
[a] (x) [x] + [x] (x) [a]
=(a0 +a) (x) (x0 +x) + (x0 +x) (x) (a0 + a)
= 2( a0.x0 + a0.x + x0.a — (a.x) )
= (b0, b1, b2, b3)

INEATHITERIEAS S &

2| a0 -al -a2 -a3 X0 b0
al a0 0 0 |.] x1 - b1
a2 0 ad o0 X2 b2
a3 0 0 a0 x3 b3
% D fRIX

x0 = ([a].[b]) / |[a]|"2
x1 = bl/a0 — al/a0.x0
X2 = b2/a0 — a2/a0.x0
x3 = b3/a0 — a3/a0.x0
AL
([a].[b]) = a0.b0 + (a.b)
= a0.b0 + al.bl + a2.b2 + a3.b3

4.2 ENXFER

[1] BEXFEX

[a] (x) [x] + [b] (x) [y] = [e]
[e] (x) [x] + [d] (x) [y] = [f]

THIE AT

T (x) [x] — | [e]
v []
T I3 %475
T= [a] [b]
[c] Td]
i 1%
x1 | _ .. [e]
1 = [1]T (x) (]
=72 L



[EITEATH T 475 Th %,

[2] RZ FAFEE AT —FEFER

R R VR
axx+bxy=e (4.2-1a)
cxx+dxy=f (4.2-1b)
AT T —Ff
ax+by= « (4.2-22a)
cx+dy= 8 (4.2-2b)
MHEDEZRD &
[x] e— «
T =
AR -

INEVERFERAXICIVMEZRDDFNTE
50

1 &

R VAR W A )
ixXx+jxy=e
kxx+ixy=f

bt 07 R U
iX+jy=a
kx+iy=8

AR OELD &

i X :e—a
K i ) y f- B

B BATH D AT FNIE

[1:]T=-1/2| -1 j+k
J+k i+l

iz

X |=[1]T(x) | €~
y f- 8

ZIZTXYDBMNZ L THDLNDH

1o i jtk e
B -(k+J)  -i '

TR TCERLRWENHBET S,

il 7y R & % iR I

- _1/2 i-1 j+k X
y J+k i+l

w2 @@ B
. :

=
Q
—

43 “_RFEBRX
[1] ERAFEX

[yl () [yl + [a] (x) [y] + [y] (x) [a] + [b] =0

CHIFUTOEICERTE D,
{ [yl + [a] }"2 = [a]"2 — [b]

=77 L

I2=[yl(x) [yIT®» %,
&y

[yl = - [a] +- SQR{ [a]*2 — [b] }
B L

SQR{ [a]*2 — [b] }= { [a]"2 — [b] }"(1/2)

[2] AZ%Ea_WFREKX
[yl"2 + [a] (x) [y] + [b] =0

Wl £ 05 F2 =X
[yl (x) [a] = [c]
tofr L st

[yl () [yl + [a] (x) [y] + [yl (x) [a] + [b] = [c]
fiE 1%
[yl = - [a] +- { [a]"2 - [b] + [c]}"(1/2)
= - [a] +- SQR{ [a]"2 — [b] + [y](x)[a]}

CINEFHRERAEZ L TWDLIOTHRYIE LEFEIC
FVfREERDILENTET LI,

MO 2425 L FReRIBOBEL b,

[a]
[a]*2 - [b] i
N [y]
+ =2 SQR + —>
o1 0
1 VIl




i /A
EARGREA
[XI"2 + i ()X +[x] (x)i+j=0
ARIZED
[X] =-i+-SQR(i(x)i-]j)
=-i+-SQR(-1-j)
=-i+-SQR(V/ 2 (-1/V 2 -jIV 2)
=-i+-SQR(J 2er(5n/4.j))
=-i+-271/4) enM57/8.j)

e R RN

[X]"2 + i (x)[x]+j=0
W 7 72 =0

[xX] (x) i =[c]

FEN2X kS

X172 + 0 ()[x] + [x] (x) i +]=[c]
iR 1%

[ﬂ=4+$QWimiJ+RD

-i+-SQR(-1-j+[x](x)i)

mﬁ%%ﬁ%L%waémfﬁDL it
Ki@%ﬂ*iéf%%o ERCACIE-3 I A
2k 5,

?wm

5. #hwm
N7 PVIZERZ PAVFEEAD T O ZH D
RENLDINEEEBEDEERZ ML A H T —
FHRATERT D &M C BT 28R %2 TR
ZNELND, SHLICEORBIIEZ M E2 RS
HHHELIOTRT "ML A0 T —IINTHE %
=L 2D EEXHTHAD, BT
PV EHAMAE L TIRADFICL D AR HL
DEER R KEHOBR B ZERT HENTE
Do NI ko 7\73? BREICEY 7 FL e
Xﬁ7~%a@ R EZ R A FEN
AIREIC 7R B,
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