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Abstract

The electromagnetism taught at schools is usually based on the six equations published by J.C. Maxwell in 1864. There
is another basic electromagnetic phenomenon called Lorentz’ force, which states that to a moving particle at velocity v in
a magnetic field B feels an electric field expressed by the vector product v x B. The two theories are applied properly to
practical problems but their mutual relations seem rarely presented.

On the other hand the Lorentz’ force was derived quite naturally in the paper “On electric dynamics of moving bodies”
by A.Einsten in 1905 based on the relativity principle. However, the given formula is 5 .v x B, where 8 =y (1- (v/c)*2).
v is the velocity of the moving particle, c is the speed of the light in vacuum. The author understood the Lorentz’s field is
a relativistic phenomenon but had the doubt that the usual expression is only approximate that holds only for v/c << 1.
The doubt is now cleared by deriving Lorentz formula from Maxwell’s equations directly and further study of the
relativistic theory as herein reported.
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1.  Maxwell’s fundamental equations

The theoretical basis of electromagnetism was established by
Maxwell’s equations in 1864. In the following equations E, H are
respectively Electric field and Magnetic field vectors as functions

of space and time.

VxH=J+0D/ot (1-1)

VxE = - 9B/ot (1-2)

VvV +B=0 (1-3)

VD= p (1-4)
where

B= u +H (1-5)

= ¢ -E (1-6)

J is Electric current density, B,D are respectively Magnetic flux
density and Electric flux density vectors. n . ¢ are each magnetic
permeability and dielectric permittivity which are constants in the
isotropic media as treated in this paper.
o is electric charge density and is a scalar.
V is vector space differential operator ;

V= i0/0x + jo/Oy+ kB/Oz (1-7)

Where i, j, k are unit vectors in (X, y, z) directions.

Eq(1-1) is Ampere’s law that tells how electric currents generate
magnetic field. ©D/Ot has a similar property as electric current

hence called Displacement current.

Eq(1-2) is Faraday’s Electro-magnetic induction law that tells how

time change of magnetic flux density B generates electric field.

Eq(1.4) is Gauss’ law that tells about the relation between the
electric field and charges.

Eq(1.3) tells there is no magnetic charge.

2. Lorentz’s force

In addition to the Maxwell equations there is a basic term called
Lorentz’s force..

In an electric field E and magnetic field B, a particle with electric

charge g and moving at velocity v is affected with the force f

f=q.(E+VvXB)

The above equation tells that the vector product v X B is equivalent
to the electric field. A fundamental derivation of the formula was
achieved by A. Einstein in his paper titled “Electrodynamics of
moving bodies”.[1] Einstein named it electro-motive force that a

moving body running in a magnetic field feels an electric field.

In this section we will try to derive Lorentz’s formula from

Maxwell equations.

Suppose we have an electric charge g moving at velocity v in a
magnetic field B.
We will time integrate the equation of electro-magnetic induction;
J VX Edt=-B
then
qVvXxXB=-qfvXxX(VX E)dt
=qf[(v.V)E - V(v.E)]dt
= J[(w.V)f - V(v.H]dt
Where f = gq.E

is the force the electric field applies on the

electrical charge.

On the other hand the force can be expressed mechanically with m;
the mass of the particle.
f=09.E=m.Ov/ot
then
v.V)f=m.(v.V)ov/ot=0

Let us now look at V (v. f). The part (v. f) is the rate of mechanical
work, hence its time integration is the work or energy.
There is no loss of energy in the vacuum, hence it must be stored to

form a potential ¢ .

In summary,

q.(vxX B)=- V¢
thatis, q.(vXB) is a force given by gradient of a potential.
Thus vXB is an electric field generated by the magnetic field to a

moving body.

Examplel



Suppose a particle with mass m electrically charged with g comes
into a uniform magnetic field B with velocity v. The Lorentz
force g.(v X B) is perpendicular to both B and v. Thus the particle
moves in a circular mode around a central point, equivalent to a
movement caused by a centripetal force. This is applied to

cyclotron to accelerate charged particles.

Let r be the radius of the circle. The centripetal and centrifugal
forces balance;
m.v*2/r=q.v. B

The radius r is;

r=(m.v)/(q.B)
The circular motion is equivalent to one where the centripetal force
is provided by an electrical charge g’ fixed at a point;

-(q.9°) /("2)=q.v.B
Thus

qQ=-(mv/g)"2/B
The equivalent potential is;

o=q’/r

Example 2

Let us study the case a rectangular shaped conductor is placed in a
uniform magnetic field B. The conductor rectangle can
mechanically turn around the axis as depicted in the following

figure.

Solution by Lorentz’s field

The upper side of the rectangle generates Lorentz field E as shown

in the figure and the lower side in the opposite direction. By
integration of the field along the conductor, one gets the voltage V
at the terminal
fEds= v.B.2Lsin(0)

Where 2L is the length of the conductor and 6 is the angle
between vand B.
Let r be the radius of the above rotator and ® be angular
velocity.
Since V= lro
then

V= 2rwo.B.Lsin(6)

(=w.t t;time)

Solution by Faraday’s electromagnetic induction

The basic equation
VXE =- 0B/t
is surface integrated;
J VXEdS =- [OB/otdS
=-[0/0t] JBdS
= - [O/Ot]2rL.cos(0)
The left side by Stokes’ theorem terns to the line integral;
J VxEdS= [EdlI=-V
Therefore
V= [O/0t]2rLcos(0)

= 2r.o.B.L.sin(0)

Examination of the examples

Example 2 can be analyzed by either Lorentz’s or Faraday’s
methods to give the same result.  The rotator works as a dynamo if
it is mechanically turned by external torque, or it works as a motor
if the voltage V is externally applied to give the current that then
generates the torque based on Lorentz’ force.

Example 1 is not so clear. The point charge moves in a circle. If the
circle is small and the magnetic field B is sufficiently uniform, then
its time derivative must be zero hence no electrical field be
generated by electromagnetic induction, apparently contradictory to

the facts.



3. Special Relativity theory
Another derivation of Lorentz’s field is obtained by special theory

of relativity[1] presented by A. Einstein in 1905.

3-1  Special relativity theory of moving bodies

Principle of constant speed of light in vacuum
The theory is based on the experimental fact the speed of light in
vacuum is constant regardless of the movement of the observers;

¢ =3 x10%8(m/s)..

This is hard to grasp by particle images of light, but
understandable by the wave theory of the light. According to
Maxwell’s theory the speed of light is given by

=1V (e.u)
The dielectric permittivity ¢ and the magnetic permeability u
in the vacuum must remain the same regardless of the movement of

the observer hence so be the speed of light.

Galilei Ttransformation
Suppose we have two observing systems K and k where k is
moving against K at a constant speed v in the x direction.
Let us express the time and space coordinate of the point in system
Kandkby (t,x)and (t, &).
The classical Galilei transformation is;

E =x-vt

T =t
This is quite natural in daily life where the time and space are
mutually independent. However, a body moving in k at speed w

will be observed in K as moving at v + w which can exceed c, thus

contradicts to the fact.

Lorentz Transformation
In order to meet the principle of constancy of the speed of light,

the time-space coordinates of the point (t, X, y, z) in K and

(t,&,n,C) in k must follow the following Lorentz
Transformation;
E= B.(x -vi) (3.1-1)
t=p. (t—v/c"2.x) (3.1-2)

n=y 31-3)

{=z (3.1-4)
where

B=1/ (1-(vic)2) (3.1-5)
Relativity principle

The reverse transformation must be obtained by replacing v with

Y
x= B.( E +V. 1) (3.1-1y
t= B.( t +Vvich2. E) (3.1-2)°
y= 1 (3.1-3)°
z= ¢ (3.1-4)°

Four dimensional continum

In the static coordinate system the time t and space (X, y, z) are
independent but in the moving system observed from the static
system the time 7 and space ( &, 1, {) are not independent but form

a four dimensional continuum (z, & 1, 0).

Slower flow of time in moving bodies
A clock placed at the origin of the moving system k; & = 0 shows
the time;

t= 1UB.t= /(- (Vi 2t

longitudinal Shrinkage of moving bodies
The difference between two points (1, &1) and (t2, £2)in
the moving system k observed from the static system K is;

x2 - x1 =B 4{(&2-¢1)+v.(r2- 11}
For t2- t1=0,

£2-81 = 1/B.(x2 - x1)

=V (1-(vlcy2). (x2-x1)

Thus occurs shrinkage of bodies in the direction of movement.

Note a body is defined as a system where the time flows uniformly.

Quantities conserved in different coordinate systems
The following quantities are conserved between systems k and K.;
CO)N2—(x"2+y"2+272) = (C.t)2—-(&EM2+n"2+("2)

(In static system K) (in moving system k)



In differential form;
Suppose the above equation holds for small coordinate changes;
t>t+At, x> x+ AX, yDy+ Ay, z>z+ Az%
Then the following differential forms of conservation holds.
(c.At)"2 {(Ax)*2 + (Ay)2 + (A2)"2}

= (CAT)2- {(AEY2 + (An)2 +(AC)Y2)}

3.2 Electrodynamics of moving bodies

The Maxwell’s equations are expressed in the static coordinate
system K (t, X, y, z). The electric field vector E has components
(Ex, By, Ez) in (XY, z) directions.

Likewise for D, B, H, etc.

Relativity principle in vacuum

Let us express the electric field vector as
E'=(E¢&’, En’, EQ)

and differential operator as;
V' = i9/0E + jo/on+ ko/B(

in the moving systemk (<, &, n, Q).

By the relativity principle the same form of equations must hold

in the moving system k as in the static system K_;

V'xH = J+0D/ot (3.2-1)
V’ xEB® = -0B/or (3.2-2)
v’'-B =0 (3.2-3)
vV’-D’ = p’ (3.2-4)
Transformation of electromagnetism in vacuum
In vacuum,
J=0, 0p=0 (3.2-5)

The relativity principle tells the following relationship must hold.

E &’ =Ex (3.2-6)
En’=B(Ey - v.B2) (3.2-7)
E’(= B(Ez + v.By) (3.2-8)
Bt= Bx (3.2-9)
B’n = B(By + v/c"2.Ez) (3.2-10)
B’(=p(Bz- VIc"2.Ey) (3.2-11)

The equations tell
(1) The longitudinal field components (in direction of the
movement ) are unchanged,
(2) The transversal components (in perpendicular to the movement
direction ) have the following relationship
E't =B.(Et + vxBt)
Namely, except for the coefficient 8= 1/ (1 - (v/c)*2), it gives
the Lorentz field as the vector product of v and B. Thus we can say
the Lorentz field is a relativistic phenomenom.
Furthermore for the magnetic field;

B’t=3.(Bt - vXEt/c"2)

In conclusion,

(3) The field components remain the same in the longitudinal
direction but the transversal components are combined by a sort of
Lorentz transformation. Thus electric and magnetic fields are not

independent hence must be treated as combined electromagnetism.

3.3 Movements of electron in electromagnetic field
In the moving system k attached to an electron the following
equations of motion must hold;

m. [(didc)*2] & =e. EE’ =e.Ex

m. [(d/dty*2n  =e. En’ =e.p.(Ey—V.Bz)

m. [(d/d1)2 ], =e EC =ep.(Ez+V.By)

where “m “ is the mass and “e” the electric charge of the electron.

What do we observe this from the static field K?

Local time of the electron
The motion of the electron is not generally constant velocity linear
movement but follows a bent curve, Therefore we must use the
conserved quantity in differential form;
(c.At)™2 (A2 + (AyY2 + (AZ)"2)
= (cAD2— {(A2 + (An)2 +(AD"2)}
Since the electron is always at the origin of system k;
(AEY2 + (A2 +(AD™2 =0
then
deo/dt= v (1-(vlc)2)



= J (1 - dr/dtic)y~2)
=18
where
v =dr/dt
r=(xvz)

The “ ¢ ” is the local time of the moving electron.

Equations of the motion observed from static system K
For the longitudinal direction both time and space shrink by the
same rate hence
d & /dt = dx/dt
therefore
[(d/id c)*2] &= [d/dt][dx/dt]
= [d/dt][dx/dt]. [dt/d < ]
=B [(d/dt)~2]x
For the transversal components;
[(ddz)"2]n
[(did<)"2]¢

B 2. [(dfdt)™2 1y
B 2. [(d/dt)™2 1z

Thus we ge the equations of motion observed in static system K;
m. B,[(d/dt)*2]x = e.Ex
m. 3, [(d/d)y*2]y = e.(Ey-Vv.Bz)
m. B.[(d/dt)*2]z = e.(Ez+ V.By)

3.4. Relativistic momentum and mass

The above analysis tells

(1) The forces applied to the electron are the usual electrical and
Lorentz’ field forces.

(2) The mass increases by the rate 5 =1/y (1 — (v/c)2 ) where v
is the speed of the electron observed in static system K.

(3) The relativistic mass is experimentally proven and gives a

direct ground why no matter can reach the speed of light.

Relativistic energy
Since x is no special direction we will use r = (X, y, z) to represent
the location of the electron.
dr/dt = (dr/d t ).(d = /dt)
=(dr/d ).y (1 - ((dr/dt)c)’2 )

=dr/d t)/ (1 +((dr/d < )c)"2)
On the other hand
de/dt = V(1 - ((dr/dt/c)r2)
=1/ (1 +((dr/d < )lc)*2)
Therefore
m.c”2 [d/dt] (dvd < )]
=m.c’2 .[d/dt] (1 + ((dr/d t)c)*2)
=(dr/dc)/ Y (L+((dr/d ) /c)2) . m.[d/dt] (dr/d <)
=dr/dt. F
=Vv.F
where
F=m.[d/dt] (dr/d 7)
= A m. [(d/dt)2]r

is force.

Furthermore
v.F  =dE/dt
is the time rate of Energy E of the moving particle.
Thus
E=m.c"2.(dt/d ¢ )
=m.c2/y (1 - (vl 2)
=m.c"2 + 1/2 m.v~2 (v/c<<1)
The first term is the static energy and the second term is the kinetic

energy of the particle.

The static energy tells the equivalence of mass and energy.
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